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Matrices, inverses, etc

¢ To follow this course it is mandatory to know Linear
Algebra at a basic level: matrix manipulation, addition,
multiplication, vector space, inverse, etc.

¢ In practice, the largest matrix | may ask you to invert by
handis 3 x 3.

e A complete course on linear algebra :
http://joshua.smcvt.edu/linearalgebra/ : 440
pages, free, with all the proofs and solutions to exercises.


http://joshua.smcvt.edu/linearalgebra/
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Example - belt factory

A belt factory produces two kinds of leather belts: luxury
and standard

Each kind requires 1m? of leather

A standard belt requires 1h of work

A luxury belt requires 2h

Our weekly resources are 40m? of leather and 60h of work
Each standard belt generates a profit of 3 Euros

Each luxury belt generates a profit of 4 Euros.

Maximize the weekly profit.



Linear algebra The simplex algorithm

Summary
0®00000

0000000000000 00000
0000000

Formulation

e x1 = number of luxury belts produced each week

number of standard belts produced each week
e Maximize z = 4z1 + 3z, with

.:];‘2

leather constraint (1)
work constraint (2)
sign constraint (3)
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Standard form conversion

¢ We want to convert all the inequalities into equalities

e For each < constraint we define a “slack” variable s;. All
the s; are positives. Here

S1 :40—.1‘1—.1‘2 (4)
S9 = 60 — 2%‘1 — T2 (5)

e This is the standard form of an LP : Maximize z, with :

z = 4x1 + 329
r1 + x2 + 81 =40
2r1 + a9 + s9 = 60
x1, T2, 81, 52 > 0
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The famous diet problem

¢ We want to follow a diet (regimen) that imposes to eat from
the 4 fundamental groups : chocolate, ice-cream, soda and
cake.

¢ A chocolate bar costs 50 centimes, an ice-cream scoop
costs 20 centimes, each soda can costs 30 centimes and a
portion of cake costs 80 centimes.

e Each day one must eat 500 calories, 60g of chocolate,
1009 of sugar et 80g de lipids.

e The nutritional contribution of each kind of food is given in
the following matrix:

Cal. Choc. (g) Sug. (g) Lip. (9)

Choc. bar 400 30 20 20
Ice cream 200 20 20 40
Soda 150 0 40 10

Cake 500 0 40 50
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Formulation

We want to minimize the cost of this diet
How many variables ?

Express the objective function

Express the constraints

Put the problem in standard form
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Formulation — diet

Objective= minimize z = 50x1 4 2025 + 30x3 + 804
Total calories = 40021 + 20025 + 15023 + 50024 > 500
Total chocolate = 30z, + 2022 > 60

Total sugar = 201 + 2029 + 4023 + 4024 > 100

Total lipids = 20x1 + 4029 + 1023 + 5024 > 80

Also, all the z; are positive.
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Formulation — standard form

e For the > constraints, one defines excess variables e;, all
positives

e We obtain :

z = 50x1 + 20x2 + 30x3 + 80x4

400z1 + 200x2 + 150x3 + 500x4 —el = 500
30x1 + 20zo —e2 = 60
20x1 + 20x2 + 40x3 + 40x4 —e3 = 100
20x1 + 40x2 + 10xz3 + 50x4 —ed = 80

with the z; et e; all positive

e With mixed constraints (i.e. both < et >) we have both s; et
€;.

e The s; and ¢; variables have the same status as the z;
variables.
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General standard form

e We suppose we have a problem with m constraints and n
variables in standard form.

e The form of the problem is the following minimize (or
maximize) z with

2= (1 + Cx2+ ...+ CcpTy
ailxry + apxrs + ...+ aipTn = bl
a1 + axry + ... + agT, = b
Am1T1 + a2 + ...+ AGppTp = by

et Vi, z; > 0
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Principal Matrix

We define :
ail] a2 ... Qinp
as1 agy ... Q92p
A=\ .
Aml1 Am2 - . Amn

Note : we have n > m, otherwise the system is
over-constrained
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Matrix of the variables and constraints
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LP in matrix form

The linear program can be written in matrix form:

min (ou max) c¢’'x

—
D
~

Ax=Db

3

x>0

—
()
~
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Basis variables

A Basis is a regular sub-matrix of A. The rank of the matrix
A (m,n) must be exactly m.

e A basis solution is obtained by setting n — m variables to 0,
and by resolving the problem for the m remaining
variables, called the in-basis variables (IBV).

e The n — m variables set to 0 are called the non-basis
variables (NBV).

e Varying choices of IBV/NBYV yield different basis solutions

e Note: we always reorder the basis variables to the left of
the matrix.
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Matrix representation
e We have
A = [BE],x = ol el = (e e’ ]
) me ) €
e Which yields
z=clx = CbTXb + ceTxe
Ax=b—>Bx;+ Ex.=b
e A basis solution is such that
X =10 (9)
BXb =b (10)

x, =B7'b (11)
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Example

e Consider the following system

1+ T2 = 3
—x2 + w3 = —1

o If we specify NBV = {z3}, then

IBV = {z1,z2}. We solve
for these, we obtain

1+ o= 3
—XTy = -1
Which yields x1 =2 et 25 = 1.

e Some choices of variables may not yield a basis solution



Linear algebra The simplex algorithm

Summary
0000000

O0000000e000000000
0000000

Feasible basis solution

e A basis solution is said to be feasible (FBS) if
x, =B 'b >0

¢ If the vector x; contains null terms, we call this solution a
degenerate basis solution.
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FBS example - 1

e Consider the problem :

min — T1 — 2x9
with
z1 + 2290 < 4
201 + 29 <5
1, 2220

e In standard form, we have

min — T, — 279

with
1 + 229 + 3 =
2r1 + X9 + x4 =5
x1, ®2, w3, x4 >0
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FBS -2

Summary

e We can try a basis with B = {1, 3},

i 1)

E = [AzA4] = ﬁ ﬂ

xy Z2
I3 T4

e The inverse of B exists, so B correspond to a basis

w0y
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FBS -3

e The corresponding basis solution is therefore

S AR RAR

e This solution is indeed a FBS.
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Fundamental theorems

Theorem

The feasible region for any linear programming problem is
convex. If a LP has an optimal solution, then an extremal point
of this region must be optimal.

Theorem

for every LP, there exists a unique extremal point of the feasible
region that correspond to every feasible basis solution. Also
there exists at least one feasible basis solution that
corresponds to every extremal point of the feasible region
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[llustration of the theorems

We revisit the leather belt problem, i.e. maximize z, under :

z = 4x1 + 3x9
Tl + T2
2¢1 + X2

+ s1
+ 59
T1, T2, S1, S2

>

40
60
0

Summary
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Leather belts- 1

x2

6049
50
40
30
20

10
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Leather belts - 2

We have the equivalence between FBS and the following
extremal points:

Basis Non-base FBS Extremal point
T1,T9 S1, 82 s1 =s82=0,21 =x2 =20 E

r1,S81 T2, S92 T2 = 82 = 0,21 = 30,51 = 10 C

x1, 82 x2, 81 zo =51 = 0,21 = 40,52 = —20 Non feasible, s < 0
x2, 81 x1, S2 r1 = s2 =0,s1 = —20,z2 = 60 Non feasible, s; < 0
9,89 1,81 r1 =81 = 0,72 = 40,52 =20 B

S1,892 T1,T2 x1 = x2 = 0,51 = 40, 52 = 60 F
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Proof

Let x be a FBS, of the form x = {x1,z3,...,7,,0,0,...,0/T. If
x is not an extremal point, there exists two points (solutions) «
and 3 both distinct of x and a scalar A such that:

x=X+(1-XN)B,0<A<1

in other words

_ T _ | %
a—[a17a27~-~7QM7am+17”~7an] - a
€

ﬂ: [ﬁl»ﬂ%"'7ﬁmaﬁm+1>...,ﬁn]T: |:gz:|

Therefore
Aa; + (1= N)B; =0Vi € [m+ 1,n)]

Since A > 0,(1 — \) > 0,a; > 0 and ; > 0, we have
ao; = B; = 0, in other words x = o = 3, which is a contradiction.



Linear algebra

The simplex algorithm Summary
0000000

000000000000 00000e

0000000

Number of possible solutions

The number of candidate bases is C)" = (n#'),m, All the

candidate bases are not invertible, so this is a higher
bound.

Exploring all the extremal point would be non-polynomial

Experimentally, we can explore n variables with m
constraints, in such a way that a solution is found on
average in fewer than 3m operations.
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Adjacent FBS

e For all LP problem, two FBS are adjacent if their respective
basis variable set have exactly m — 1 variables in common.

A geometrical interpretation is that two FBS are adjacent if they
are linked by a single edge of the feasible polytope.
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General description of the algorithm

The simplex algorithm follows these steps:

1. Find a FBS for the LP, called the initial FBS;

2. find if the current FBS is optimal. If yes stop ; if not find an
adjacent FBS that has a better z;

3. go to (2) with the new FBS as current FBS.

The remaining questions are: how to detect optimality and how
to move along an edge of the feasible polytope.
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Reduced costs

For any FBS, we can write:

z = CbTXb + CeTXe
and
Bx, + Ex.=b

e Therefore

x, = B~} (b — Ex,)
e Subsituting

z=cp ' B7b + (ce! —cp! BIE)x,

e We set:

¢l = (ceT — chB_lE)
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Reduced costs - 2

For this FBS, x. = 0, however this second term
corresponds to an increase in cost for an augmentation of
the variables in x..

If all the costs are negative (for a maximization), any
increase of the variables in x. will reduce the value of z,
and so the current value is necessarily optimal.
Conversely for a minimization

So we have an effective optimality test.



Linear algebra

The simplex algorithm Summary
0000000

0000000000000 00000

0000e00

Example

In the case of the leather belts, considering the

FBS={s1, so} with the IBS={z1, x2}.

In this case, c,” = [0 0], we have very simply

el =cel =43

in order to augment z most efficiently, we must let z; enter
the basis, since its coefficient is the highest

We must still decide which variable should exit the basis. In
order to achieve this, we must augment x; while keeping
at zero, and see which basis variable becomes zero first.

In our case s, becomes zero the first (see drawing). This is
the variable that must exit the basis.

If we do not do this correctly, we end up with a non-feasible
basis.
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Improving a basis solution

« Considering a maximization, if our basis is such that €’ is
not strictly negative or zero, then there exists a variable x,
in x. so that ¢, > 0. Augmenting z; may then improve z.

e Change of basis If for a variable z; of x., ¢ > 0, the
solution may be improved by augmenting z.

Xp = B_l(b — Aka‘k — E/XIE)
By fixing x’. = 0, and by varying xz;, only :

Xp = B_l(b - Akl‘k) =B 'b- B_lAkak (12)
Xp = B - P:L‘k (13)
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Augmentation

e As originally z;, is zero, we can only increase its value.
There are two cases:

e case 1Vi, P, <0. In this case the solution is unbounded:
x, tends to +o0o and z towards —oo (for a minimization) or
+o00 for a maximization.

e case 2, there are two possibilities for each i :

1.

2.

if P, <0, xp; > 0forall z; > 0, this is a non-critical case:
this variable cannot be used in any new basis.

if P, > 0, then x3; < 0 for 2, > b;/P;, therefore for for all
P; > 0, there exists a maximum value of z;, = b;/P;,
allowing x, > 0.

We choose the variable [ so that:

! = min, E
- Z/PL'>O PZ
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In summary

We have shown an algorithm that uses linear algebra
instead of graphical intuition.

We need to be able to model a problem
We need to understand the simplex algorithm
We need to be able to make it run on simple problems.
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